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1 Introduction 



Knuth-Bendix procedure provides a semi-decision procedure for the word problem of a term equation 
system. Among a vast literature on its variations, see, for example, [H El El El EJ El [TTl [T3] . 
^ ■ A term equation / ~ r is called variable preserving if the same variables occur in the left-hand side 

OO , / as in the right-hand side r. A term equation system (TES) 5 is called variable preserving if all of 

its equations are variable preserving. Example 4.1.4 on page 60 in [Ij shows a variable preserving TES 
Tj- ' with undecidable ground word problem. 

. First we give an elementary semi-decision procedure for the ground word problem of variable pre- 

I serving TESs. Second we generalize our semidecision procedure to TESs. We give an elementary 

semi-decision procedure for the ground word problem of TESs. We apply the results of Fiilop and 
Vagvolgyi [H El [12] on ground TESs (GTESs) and tree automata. 

In Section El we present three trivial semi-decision procedures for the ground word problem of 
^ ' variable preserving TESs and TESs. In Section El we intuitively describe our elementary semi-decision 

■ procedures for the ground word problem of variable preserving TESs and TESs. In Section El we 

present a brief review of the notions, notations, and preliminary results used in the paper. In section 
El we recall some results of Fiilop and Vagvolgyi [H El [E] on the connections between GTESs and 
tree automata. In Section El we present our elementary semi-decision procedure for the ground word 
problem of a variable preserving TES. In Section [71 we present our elementary semi-decision procedure 
for the ground word problem of a TES. 

2 Three Trivial Procedures 

In this section we present three trivial semi-decision procedures. The first one is for the ground word 
problem of variable preserving TESs. The second and the third ones are for the ground word problem 
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of TESs. The third one is a direet improvement of the first one. 

Our elementary semi-decision procedure for the ground word problem of variable preserving TESs is 
a straightforward improvement of the first trivial procedure. Our elementary semi-decision procedure for 
the ground word problem of TESs is a natural improvement of the second and third trivial procedures. 

2.1 First trivial semi-decision procedure 

Input: A variable preserving TES S, ground terms p, q. 
Output: 'yss' iip^^q, 'no' or undefined otherwise. 
Let Uo = {p}, Vo = {q},i = 0. 
repeat 

i:=i + l; 

Ui := Ui-i U { s| there is w G Ui-i such that u s }; 
Vi := Vi-i U { s| there is n G Vi-i such that u <-^r s }; 
if {Ui = Ui-i or Vi = Vi-i) and C/j n is empty 
then begin output 'no'; halt end 
until C/j n is not empty; 
output 'yes'; 
halt 

For any variable preserving TES S and ground term u, the set {s\u^ r s } is finite and then effectively 
computable. Thus, Ui and Vi, i > arc finite and can be compTiicd effectively. Hence the above 
procedure can be implemented. Observe that Ui, i >0 does not depend on q. 
Assume that 

• we have run our procedure for the TES S and ground terms p, q, that 

• during the run of the proceedure we found that Ui+i = Ui for some i > 0. 

Then Ui = Ui^k for k > 1. Furthermore, suppose that for an arbitrary q' € T^, we want to decide 
whether p*^*Rq' ■ Then p^\q' if and only if q' G f/j. Thus we need not run the above procedure for 
the TES S and ground terms p, q' . We simply check whether q' G Ui. 

2.2 Second trivial semi- decision procedure 

Let S* be a TES. We now define the GTESs Wj for i > 1. GTES Wi consists of all ground instances 
I' ^ r' of the equations Z ~ r in 5, obtained by substituting ground trees of height for all variables 
appearing in I or r. For each i >2, GTES Wi consists of 

• all elements of VFj-i and 

• all ground instances /' r' of the equations I r in S obtained by substituting ground trees of 
height i — 1 for all variables appearing in Z or r such that {l',r') ^ *^Wi i- 

Our trivial semi-decision procedure is as follows. 

Input: A TES S, ground terms p, q. 

Output: 'yes' ifp^^q, 'no' or undefined otherwise. 

i := 0; 

repeat i := i + 1; 

compute Wi] 
if P 1 ^^^^ 
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begin output 'y^s'; halt end 
until Wi = VFj+fe for A; > 1; 
output 'no'; 
halt 

Observe that Wi, i > can be computed effectively. Furthermore, Wi, i>0 does not depend on p and 

q. If we could decide for each i > 1, whether Pj = Pi+k for k > 1, whether Qi = Qi+k foi" k > 1, and 
whether Wi = Wi+k for A; > 1, then the above procedure could be implemented. For each i > 1, let 
hp^, hQ^, and be the maximum of the heights of the trees appearing in SU Pi, S UQi, and S UWi, 
respectively. We conjecture that 

- P'l = Pi+k for \ <k < hp. if and only if Pi = Pi+k for k > 1, 

- Qi = Qi+k for ^ ^ k < hq. if and only if Qi = Qi+k for k > 1, and 

- Wi = Wi+k for 1 < < hwi if and only if Wi = Wi+k for > 1. 

Assume that our conjecture is right. Then for an arbitrary TES S and integer i > 0, it is decidable 
whether Pi = Pj+fe for k > 1, whether Qi = Qi+k for k > 1, and whether Wi = Wj+fc for A; > 1. Hence 
the above procedure could be implemented. 

2.3 Third trivial semi-decision procedure 

Input: A TES S, ground terms p, q. 

Output: 'yes' iip^^q, 'no' or undefined otherwise. 

LetUo = {p}, Vo = {q},i = 0. 
repeat 

i:=i + l 

Ui := Ui-i U { s| there is n G Ui-i such that u <-^s s, where we substitute ground trees of 
height less than or equal to i — 1 for all variables that do not appear on that side of the 
applied equation which is matched with a subtree of u}; 

Vi := Vi-i U {s| there is u G Vi-i such that u^ss, where we substitute ground trees of 
height less than or equal to i — 1 for all variables that do not appear on that side of the 
applied equation which is matched with a subtree oi u}, 
if {Ui = UiJ^k for A; > 1 or Vi = Vi^k for A; > 1) and [/j fl is empty 
then begin output 'no'; halt end 
until J7i n Vi is not empty 
output 'yes'; 
halt 

For every TES S, ground term u, and integer j > 0, consider the set Z of all ground terms s € Ts such 
that ,s, where wc substitute ground trees of height less than or equal to j for all variables that do 

not appear on that side of the applied equation which is matched with a subtree of u. Set Z is finite 
and then effectively computable. Thus, Ui and Fj, i > are finite and can be computed effectively. If 
we could decide for each i > 1, whether (t/j+fc = i7j for A; > 1 or VJ+fc = for A; > 1) then the above 
procedure could be implemented. 

For each i > 1, let hu^, hy^ be the maximum of the heights of the trees appearing in {S and Ui), in 
{S and Vi), respectively. We conjecture that 

- Ui = Ui+k for 1 < A; < if and only if Ui = Ui+k for A; > 1, 
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- Vi = yi+k for 1 < A: < /ly. if and only \iVi = Vi+k for ^ > 1- 

Assume that our conjecture is right. Then for an arbitrary TES S and integer z > 0, it is decidable 
whether Ui = C/j+fe for A; > 1, and whether Vi = Fj+fc for A: > 1. Hence the above procedure can be 
implemented. 
Assume that 

• we have run our procedure for the TES S and ground terms p, q, that 

• during the run of the proceedure we found that C/j+fc = A: > 1, for some i > 0, and that 

• we want to decide whether p^*g q' for some q' G T^;. 

Then we need not run the above procedure for the TES S and ground terms p,q'. We simply check 
whether q' G Ui. Because p <->J q' if and only if q' G Ui. 

3 Intuitive Descripition of the Semi-Decision Procedures 

First we intuitively describe our elementary semi-decision procedure for the ground word problem of 
variable preserving TESs. Second we intuitively describe our elementary semi-decision procedure for 
the ground word problem of TESs. We base our procedures on the trivial semi-decision procedures 
presented in Section [2l We apply the results of Fiilop and Vagvolgyi [H El [12] on GTESs and tree 
automata. 

We now intuitively describe our elementary semi-decision procedure for the ground word problem 
of variable preserving TESs. Let S be an arbitrary TES. We define the GTESs Pi,Qi, Wi for i > 1. 

• GTES Pi consists of all ground instances /' ~ r' of the equations / ~ r in S", where the left-hand 
side I' is a subtree of p or the right-hand side r' is a subtree of p. 

• Symmetrically, GTES Qi consists of all ground instances I' ~ r' of the equations / ~ r in S, where 
the left-hand side /' is a subtree of q or the right-hand side r' is a subtree of q. 

• Finally, Wi = PiUQi. 

For each i > 2, we define GTESs Pi, Qi, and Wi by adding finitely many ground instances of the 
equations in S, to Pj_i, Qi-i, and Wi-i, respectively. 

• For each i > 2, GTES Pi consists of all elements of Pj-i and all ground instances /' ~ r' of the 
equations / ~ r in S, where 

- the left-hand side I' is a subtree of a ^ descendant of p or the right-hand side r' is a subtree 
of a . -^ descendant of p, and 

• Symmetrically, for each i >2, GTES Qi consists of all elements of Qi-i and all ground instances 
I' r' of the equations / ~ r in S*, where 

- the left-hand side /' is a subtree of a ^q^_^ descendant of q or the right-hand side r' is a subtree 
of a descendant of q, and 

• For each i > 2, GTES Wi consists of all elements of Wi-i and all ground instances /' ~ r' of the 
equations I ^ r in S, where 

- the left-hand side I' is a subtree of a descendant of p or q, or the right-hand side r' is a 
subtree of a descendant of p or q, and 

We show that GTESs Pi,Qi,Wi, i > 1, have the following properties. 

(a) For each i > 1, Pi,Qi, Wi are finite sets of ground instances of the equations in S. 
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(b) Pi C Qi C Qi+i, Pi^jQiQ and Wi C W^+i for i > 1. 

(c) • If Pi = Pi+i, then Pi = Pi+k for A; > 1. 

• If = Qi+i, then Qj = Qi+k for A; > 1. 

• If = Wi+i, then Wi = Wi+k for A; > 1. 

(d) For each i > 1, Pi simulates all computations of S with length less than or equal to i starting 
from p. That is, for any 1 < ra < i, ii, . . . , t„ G Ts, if 

P h ^st2^S--- tn, then p ^*p^ h ^*p^ t2 ^*pr-- tn- 

(e) Symmetrically, for each i > 1, simulates all computations of S with length less than or equal 
to i starting from q. That is, for any 1 < n < i, ti, . . . , t„ € T^, if 

q h ^st2^s--- tn, then q ^*q. ti ^*q. t2 ^*q. ■ ■ ■ ^*q. tn- 

(f) For each i > 1, Wi simulates all computations of S with length less than or equal to i starting 
from p or q. That is, for any 1 < n < ti, . . . , t„ G Ts, 

if p h ^st2^s--- tn, then p h t2 • • ■ ^n, 

and 

if q ti ^st2^S--- tn, then q h t2 ' ' ' 

Our semidecision procedure computes GTESs Pi, Qi,Wi for i > 1, step by step. In the ith step for 
i > 1, if p<->^. q, then our semidecision procedure halts and outputs 'y^s'; otherwise if Pj = Pj-i or 
Qi = Qi-i or Wi = Wi-i, then our semidecision procedure halts and outputs 'no'. 

By Statements (a)-(f) we have the following. 

• If p <-^*g q, then there is an integer i > 1 such that p q- Let i be the smallest such integer. 
Then in the ith step our semidecision procedure halts and outputs 'yes'. 

• If Pi = Pi_i or Qi = Qi_i or Wi = Wi-i for some i > 1 and {p,q) then {p,q) 
Hence in the zth step our semidecision procedure halts and outputs 'no'. 

We now intuitively describe our elementary semi-decision procedure for the ground word problem 
of TESs. Let S be an arbitrary TES. We define the GTESs Pi, Qi, Wi for i > 1. 

GTES Pi consists of all ground instances V ~ r' of the equations I ^ r \x\ S, where 

- the left-hand side /' is a subtree of p and we obtain the right-hand side r' from r by substituting 
ground trees of height for all variables that do not appear in or 

- the right-hand side r' is a subtree of p and we obtain the left-hand side I' from I by substituting 
ground trees of height for all variables that do not appear in r. 

• Symmetrically, GTES Qi consists of all ground instances I' ~ r' of the equations / ~ r in S*, where 

- the left-hand side I' is a subtree of q and we obtain the right-hand side r' from r by substituting 
ground trees of height for all variables that do not appear in Z, or 

- the right-hand side r' is a subtree of q and we obtain the left-hand side I' from I by substituting 
ground trees of height for all variables that do not appear in r. 

Finally, Wi = PiUQi. 

For each i > 2, we define Pi, Qi, and Wi by adding finitely many ground instances of the equations 
in S, to Pi-i, Qi-i, and Wj-i, respectively. 

For each i > 2, GTES Pi consists of all elements of Pi_i and all ground instances V r' of the 
equations / ~ r in 5, where {V ,r') ^, and 

- the left-hand side V is a subtree of a ^*p^_^ descendant of p and we obtain the right-hand side r' 
from r by substituting ground trees of height z — 1 for all variables that do not appear in Z, or 

- the right-hand side r' is a subtree of a *^*p. ^ descendant of p and we obtain the left-hand side V 
from I by substituting ground trees of height i — 1 for all variables that do not appear in r. 
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Symmetrically, for each i > 2, GTES Qi consists of all elements of Qi-i and all ground instances 
I' « r' of the equations I ^ r in S, where {I', r') ^Qi-i 

- the left-hand side I' is a subtree of a descendant of q and we obtain the right-hand side r' 
from r by substituting ground trees of height z — 1 for all variables that do not appear in I or 

- the right-hand side r' is a subtree of a ^ descendant of q and we obtain the left-hand side I' 
from / by substituting ground trees of height i — 1 for all variables that do not appear in r. 

• For each i > 2, GTES Wi consists of all elements of Wi-i and all ground instances I' r' of the 
equations I !^ r in S, where {l',r') ^Wi-i^ ^^'^ 

-the left-hand side V is a subtree of a ^ descendant of p or q, and we obtain the right-hand 

side r' from r by substituting ground trees of height i — 1 for all variables that do not appear in or 

- the right-hand side r' is a subtree of a ^^^/^ ^ descendant of p or q, and we obtain the left-hand 
side I' from I by substituting ground trees of height i — 1 for all variables that do not appear in r. 

Wc show that GTESs Pi,Qi,Wi, i > 1, have the following properties. 

(a) For each i > 1, Pi,Qi, Wi are finite sets of ground instances of the equations in S. 

(b) Pi C Pi+i, Qi C Qi+i, Pi U Qi C and Wi C Wi+i for i > 1. 

(c) Each computation of S starting from p is simulated by some Pi. For any n > 1, ti, . . . , t„ G Ts, 

if 

p ti h ■ ■ ■ tn, then there is an integer i> 1 such that 

P^*pJl ^*p.t2 ^*p.---^*p.tn. 

That is, Pi simulates the above computation of S. 

(d) Symmetrically, each computation of S starting from q is simulated by some Qi. For any n > 1, 
ti, . . . , t„ G 7s, if 

<? "^s ti ^2 • • • tfi, then there is an integer i > 1 such that 

That is, Qi simulates the above computation of S. 

(c) Each computation of S starting from p or g is simulated by some Wi. For any n > 1, ti, . . . , t„ G 
Ts, ii p ti h ■ ■ ■ tn, then there is an integer i > 1 such that 

For any n > 1, ti, . . . , t„ G Ts, if g h ^2 ■^"^■s • • ■ tn, then there is an integer i > 1 such 
that 

P ti ^Wi ^2 ■ ■ ■ ^Wi tn- 

Our semidecision procedure computes GTESs Pi, Qi,Wi for i > I, step by step. In the zth step for 
z > 1, if P^Wi 1i semidecision procedure halts and outputs 'yes'; otherwise if Pi = Pi+k for 

k > I or Qi = Qi+k for A; > 1 or Wi = Wi^k for A; > 1, then our semidecision procedure halts and 
outputs 'no'. 

By Statements (a)-(e) we have the following. 

• If p <^*g q, then there is an integer i > 1 such that p q. Let i be the smallest such integer. 

Then in the ith step our semidecision procedure halts and outputs 'yes'. 

• If there is i > 1 such that Pi = PiJ^k foi' > 1 or = Qi-\.k foi' A; > 1 or Wi = Wj+fe for k>l and 
(p, (?) ^ ' then {p,q) ^ Hence in the zth step our semidecision procedure halts and outputs 
'no'. 

If we could decide for each i > 1, whether Pi = Pi+k for A; > 1, whether Qi = QiJ^t for A; > 1, and 
whether Wj = for A; > 1, then the above procedure could be implemented. For each i > 1, let 
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hp^ , hQ^ , and hw^ be the maximum of the heights of the trees appearing in S L) Pi, S D Qi, and SUWi, 
respectively. We conjecture that 

- Pi = Pi+k for 1 < A; < hp^ if and only if Pj = Pj_|_fc for A; > 1, 

- Qi = Qi+k for 1 <k < hQ. if and only if Qi = Qi+k for A; > 1, and 

- Wi = Wi^k for 1 < /c < hw, if and only if Wi = Wj+fc for A: > 1. 

Assume that our conjecture is right. Then for an arbitrary TES 5" and integer i > 0, it is decidable 
whether Pj = Pj+j. for A; > 1, whether Qi = Qi^k for k > 1, and whether Wj = Wj+jt for A; > 1. Hence 
the above procedure could be implemented. However, it is still open how to prove our conjecture. 
Hence we modify our algorithm. We replace the condition 

there is i > 1 such that Pi = Pi+k for k > 1 oi Qi = Qi+k for A > 1 or Wi = Wi+k for A; > 1 
by a stronger condition, which is decidable. 

4 Preliminaries 

In this section we present a brief review of the notions, notation and preliminary results used in the 
paper. 

Relations. A partial order -<C A x A is an irreflexive and transitive relation. A total order ^ is a 
partial order where for any elements a,b G A, a = b or a b or b ~< a. 

Let p be an equivalence relation on A. Then for every a G A, we denote by [a\p the p-class containing 
a, i.e. [a]p = {b \ apb }. 

Terms. A ranked alphabet S is a finite set of symbols in which every element has a unique rank 
in the set of nonnegative integers. For each integer m > 0, denotes the elements of S which have 
rank m. We assume that there is a total oder on S. 

Let y be a set of variables. The set of terms over S with variables in Y is the smallest set U for 
which 

(i) So U y C ;7 and 

(ii) f{ti, . . . , tm) € U whenever / G with m > 1 and ti, . . . ,tm € U . 

For each / € Sq, we mean / by /(). Terms are also called trees. The set Tx;(0) is written simply as Tj] 
and called the set of ground trees over S. We define the alphabetical order -<aiph on Ts as follows. We 
say that f{pi, . . . ,pra) <aiph 9{si, . . . , s„) if 

i) / 9, or 

ii) f = g, and there exists 1 < A; < m such that Pi = Si for 1 < i < k — 1 and pi -<alph ^i- 
Observe the following. 

Statement 4.1 -<alph is a total oder on T^. 

We specify a countably infinite set X = { xi, X2, . . . } of variables which will be kept fixed in this paper. 
Moreover, we put X„ = { xi, . . . , x„ }, for n > 0. Hence Xq = 0. A context is a tree u G Ts(Xi), where 
xi appears exactly once in u. We denote the set of all contexts over S by Cs. 

The tree substitution operation is defined in the following way. Given a tree t G rs(X„), n > 0, 
and trees ti, . . . , t„, we denote by . . . , t„] the tree which can be obtained from t by replacing each 
occurrence of Xi in t by tj, for \ < i < n. 

For a ground term t G Ts, the set sub{t) of subtrees of t is defined by recursion as follows: 
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(i) if t G So, then suh{t) = { t }, 

(ii) if t = f{ti, . . . ,tm) for some m > 1, / G Sm, and ti,...,tm G 7e, then we have sub{t) = 
{j{sub{ti) I 1 < i < m) U {t }. 

TA = (Ts,S) is the algebra of ground terms over S, where for any / € with m > and 
ti , . . . , tm € Tg , we have 

/"^^(^l) • • • ) tm) = /(ii, • • • , ^m) • 

Term equation systems. Let S be a ranked alphabet. Then a term equation system (TES for 
short) S over S is a finite subset of Ty,{X) x Ty,{X). Elements (/,r) of S are called equations and are 
denoted by / ?a r. Here we may assume without loss of generality that / E TY.{Xk+rri)i f G TY,{Xk+e), 
and k,m,i > 0. 

The word problem for S is the problem of deciding for arbitrary s, i € Ty,{X) whether s t. The 
ground word problem for S is the word problem restricted to ground terms s and t. 

Ground term rewriting systems and equation systems. A ground term rewriting system 
(GTRS) over a ranked alphabet S is a finite subset S of Ts x T^. A GTRS S is reduced if for every 
rule u — > V in S, n is irreducible with respect toS — {n— >u} and v is irreducible with respect to S. 

We recall the following important result. 

Proposition 4.2 [10] Any reduced GTRS S is convergent. 

A ground term equation system (GTES) E over a ranked alphabet T, is also a finite binary relation 
on Tx;. Elements {l,r) of E are called equations and are denoted by / w r. In case of a GTES E we 
consider only the congruence closure of E on TA, which is equal to We say that a GTRS R over 
S is equivalent to if = 

Proposition 4.3 [10] For a GTES E over a ranked alphabet S one can effectively construct an equiv- 
alent reduced GTRS R over S. 

Next, we cite the following results appearing as comments after Theorem 2.21 in Section 2 in [lOj . 

Proposition 4.4 [TO] For a GTES E there exists an equivalent, reduced GTRS with no more rules 
than E has equations. 

Proposition 4.5 [10] Any two equivalent reduced GTRS have the same number of rules. 
We immediately have the following result. 

Lemma 4.6 Let E be a GTES and R be a reduced GTRS equivalent to E. Then the number of rules 
in R is less than or equal to the number of equations in E. 

Proof. By Proposition 14.41 there exists a reduced GTRS R' equivalent to E such that \R'\ < \E\. By 
Proposition I i?^ I = 

□ 

By Propositions 14.2 1 and 14.3] we have the following result. 

Proposition 4.7 [10] For a GTES E over a ranked alphabet S and ground terms s,t £ T^, we can 

decide whether s t. 
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Tree automata. Let S be a ranked alphabet, a tree automaton over E is a quadruple A = {A, S, R), 
where A is the finite set of states of rank 0, T, (1 A = 9. There is a total order on A. We define 
the ranked alphabet 'SU A, where the elements of A are viewed as symbols with rank 0. Recall that S 
is totally ordered by -<■£. We define the total order ^ on S U ^ by extending the union -<■£ U -<a to 
S U ^. We require that for any / G S and a £ A, f ^ a. i? is a GTRS over the ranked alphabet T,[J A. 
Moreover, each rule in R is of the form 

f{ai,...,am)^a, (1) 

where / S Smi m > 0, a, ai, . . . , & A. 

We say that A is totally defined if for each / € S^, m > 0, and states ai, . . . ,am & A, there is a 
rule with left-hand side /(ai, . . . , am) in A. 

We say that A is deterministic if for any / G S^, m > 0, ai, . . . , Um & A, there is at most one rule 
with left-hand side /(ai, . . . , Om) in A. 

A state a € ^ is reachable if there is a tree t € such that t — >^ o. The following can be shown 
by applying well-known techniques of tree automaton theory, see [7j. 

Proposition 4.8 Let A = {A,T,,R) be a tree automaton and let a € A. It is decidable whether the 
state a is reachable. Moreover, if a is reachable, then one can effectively construct a tree s G such 
that s — >^ a. 

We say that a tree automaton A over S is connected if each state in A is reachable. 

Let b,c £ A. We say that A reaches b starting from c if there is a context u € Cs such that 
u[c] — >^ b. Let REACH (c) denotes the set of all states b which are reachable by A starting from c. 

Proposition 4.9 Let A = {A,T,,R) be a tree automaton and let c (z A. We can effectively compute 
REACH{c). 

Proof. Let REACHq = { c}. For each i > 0, let 

REACHi+i = RE AC Hi U { a | there is a rule ^ and Oj G RE AC Hi for some 1 < j < n } . 

Then REACHi C REACHi+i C yl for i > 0. Hence there is an integer < j < card{A) such that 
REACHj = REACHj+i. Then REACHj = REACHj+k for fc > L Hence REACHj = REACH{c). 
We compute the sets REACHi for < i < j + 1. In this way we get REACH{c). 

□ 

By Proposition 14.91 we have the following result. 

Proposition 4.10 Let A = (A, be a tree automaton and let b,c£ A. We can decide whether A 

reaches b starting from c. 

Definition 4.11 Let A = {A, S, i?) be a deterministic tree automaton. We define the rule order ~<rui 
on R as follows. 

/(ai, . . . , am) a ^aiph 9{bi, ... ,bn) ^b 

if and only if 

/(ai, . . . , am) ^aiph g{bi, ■■■,bn) 
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Statement 4.12 Let A and -<rui be as in Definition \4.11\ Then the rule order -<rui on R is a total 
order. 

Proof. By Statement 14.11 the alphabetical order -<aiph is a total order on T^uA- Hence -<rui is a total 
order on R. 

□ . 

Proposition 4.13 Let A = (^,E,i?) be a tree automaton. Then A is deterministic if and only if A 
is a reduced GTRS over the ranked alphabet E U ^4. 

Proof. By direct inspection of the rules of A. 

□ 



5 Ground term equation systems and tree automata 

We recall some results of Fiilop and Vagvolgyi [U O [12] on the connections between GTESs and tree 
automata. Fiilop and Vagvolgyi ptj gave a simple and efficient algorithm which, given a GTES E 
over a ranked alphabet S, produces a connected deterministic tree automaton A = {A,Ti,R) with the 
property that <->^ = <->|j PlTs x . Their algorithm calls a congruence closure procedure over the 
subterm graph of E and runs in 0{nlogn) time, where n is the size of E. Vagvolgyi [12] adopted and 
slightly generalized this algorithm. 

Let E he a. GTES, and let pi, . . . ,pk, A; > 1, be ground terms over a ranked alphabet S. Let 

T = {t G Ty, jtG sub{l) U sub{r) for some / ~ r in iiJ or t G sub{pi) for some 1 < i < A; } 

be the set of subterms occurring in E or some pi and let Q{E) = OT x T. When E is understood 
from the context, we simply write Q for Q{E). It should be clear that is an equivalence relation on 
T. Moreover, for each t G T, [t]e = [t]^*^^ n T. We put A = {[t]e \ t e T}. We define the ranked 
alphabet TiL) A, where the elements of A are viewed as symbols with rank 0. We have [s]q -< [t]@ if 
and only if the ^^-minimal element of [s]q and the ^s-minimal element of [t]e are in the -<s relation. 

Fiilop and Vagvolgyi [H [T2] introduced the GTRS R over S U yl as follows. Let R be the set of 
rules of the form 

f{[h]e, [tm]e) [fih, ■ ■ ■ ,tm)]e , 
where f{ti, . . . ,tm) G T. Fiilop and Vagvolgyi [3', showed the following properties of R. 

Proposition 5.1 [11[I2] R is reduced. 

Proposition 5.2 [11[I2] For every t eT, we have t^*j^[t]0. 

Proposition 5.3 [Illl2] For all s G Ts and t eT, if s —^*j^[t]e , then s^%t. 

Proposition 5.4 = ^^jHTs x T^. 

Consider the tree automaton A= {A,T,, R). We call A the congruence class computing tree automaton 
associated with the GTES E and the ground terms pi, . . . ,pk, k > 1, over the ranked alphabet S. 
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Statement 5.5 Let A the congruence class computing tree automaton associated with an arbitrary 
GTES E and arbitrary ground terms pi, ■ ■ ■ ,Pk over the ranked alphabet S. Then A is deterministic 
and connected. Moreover, GTRS R is convergent. 

Proof. By Propositions 14.131 and 15.11 A is deterministic. By Proposition 15.21 .4 is a connected. By 
Propositions 14.21 and 15.11 GTRS R is convergent. 

□ 

By Statement 15.51 there exists a unique i?-normal form for each ground term s S Ts , which is denoted 
by sj,. Note that s\, may contain symbols of S and symbols of A as well. 

Proposition 5.6 [H US] For any s,t £ Ts, s t if and only if sl= t|. 

Fiilop and Vagvolgyi [1] gave another proof for Proposition HTl Let s,t € T^, be arbitrary. We compute 
i?-normal forms sj, and tj. Then we compare sj, and t [. By Proposition 15.61 s^^t if and only if 

By the definition of R and Propositions 15.21 for any s,t we have sj,= [s]e and tj,= [t]e- Hence 
we have the following result. 

Proposition 5.7 For all s,t ^T, [s\q = te (^''^d only if s^*^t. 

Vagvolgyi [12] showed that A recognizes the congruential tree language U • • • [pfc]^|j- 

Proposition 5.8 [T2j L{A) = \pi]^*^ U • • • \pkW^. 

The proof of Theorem 3.6 in [12j shows the following result. 

Proposition 5.9 For every t £ T^, and every 1 < j < k, t—>-*j^\pj]0 if and only if t'^*^pj. 
Fiilop and Vagvolgyi [H [T2] presented an algorithm that produces the tree automaton A. 

Proposition 5.10 [^[12] We have an algorithm which, given a GTES E and ground terms pi, . . . ,pk, 
k > 1, over a ranked alphabet S, produces the congruence class computing tree automaton A associated 
with the GTES E and the ground terms pi, . . . ,pk. 

Proposition 5.11 [5j We have an algorithm which, given a connected deterministic tree automaton 
A = {A, S, R), outputs for every a £ A, a ground term tree{a) G Ts such that tree{a) a. 

Proof. Consider the following algorithm. 

Algorithm 5.12 

Input: A connected deterministic tree automaton A. 

Output: For every a € A, a tree tree{a) € Ts such that tree{a) — *|jO- 

Auxiliary variables: For every a G A, a boolean flag flag{a), which indicates whether or not tree{a) 
has been defined. 

for every a G A, let flag{a) = false; 

while there is an a G A with flag[a) = false do 

begin 
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consider the rules of R, one by one, in the order -<rui', 
for every rule /(ai, . . . , am) ^ a in i? do 
if flag{ai) = . . . = flag{am) = true and flag{a) = false, 
then begin 

tree{a) := f{tree{ai), ... , tree{am)); 
flag{a) := true 
end 

end 

As A is connected, Algorithm 15.121 terminates with flag{a) = true, for all a ^ A. By direct inspection 
of Algorithm 15.121 we get that for every a ^ A, tree{a) ~^*jia. 

□ 

6 Elementary semi-decision procedure for the ground word problem 
of variable preserving TESs 

Let S be a variable preserving TES over S, and let p,q G T^;. We now define the GTESs Wi, i > 1, over 
S. We define the GTES Wi as follows. For each equation / ~ r of S with /,r € Tj^(Xm), m>0, and 
for any u G Cs, ui, . . . , G 7s, if p = u[l[ui,. . .,Um]] or p = u[r[ui, . . . ,Um]] oi q = u[l[ui, . . .,Um]] 
or q = u[r[ui, . . . , u^]], then we put the equation l[ui, . . . , Um] ~ r[ui, . . . , Um] in Wi. 

For each i > 1, we define VFj+i from Wi in the following way. Let Ai = {Ai, E, i?,) be the congruence 
class computing tree automaton associated with the GTES Wi and the ground terms p, q over the ranked 
alphabet S. 

(1) We put each equation of Wi into Wj+i. 

(2) Applying the algorithm of Proposition 15.11"! for every a Ai, we compute the ground term 
tree{a) G such that tree{a) ^*^, a. For each equation I ^ r oi S, l,r G m > 0, for any 
states oi , . . . , ttm , a G , if 

l[ai, ...,am] ^*R^ a or r[ai, . . . ,am] a, 

Ai reaches [p]e starting from a or Ai reaches [q]e starting from a, and 

{l[tree{ai), . . . ,tree{am)],r[tree{ai), . . . ,tree{am)]) ^w^, 
then we put the equation l[tree{ai), . . . , tree{am)] ~ r[tree{ai), . . . , tree{am)] in VFj+i. 

We shall illustrate our concepts and results by our first running example, which is presented as a 
series of examples. 

Example 6.1 Let S = Sq U Si, Sq = { $ }, Hi = { e, /, g, /i }, and $ /i -< 5 -< / -< e. Let TES S 
consist of the following equations: 

e{h{xi)) h{xi), f{h{xi)) h{xi), g{h{xi)) h{xi), /(/(xi) g{g{xi)). 

Observe that S is variable preserving. Let p = e{f{g{h{%)))), q = e(/i($)). Then 

. Wi = {g{h{$)) « h{$),e{h{$)) « h{$) }. 

Ai = (Ai,S,i?i). 

-A, = { [$],, [h{$)]e, [e{f{hm]e, [e{h{$))]e }. 

- [$]e -< [h{$)]e -< Hh{$))]g -< [e(/(/i($)))]e. 

— Ri consists of the following rules: 
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h{[$]g) ^ [hi$)]g, 

g{[h{$)]e) ^ [h{$)]e, 
fimh) - [fihme, 
e{[hme) - [h{$)]e, 
e{[f{hme) - [eifihmh- 

• W2 = {g{h{$)) ^ h{$),e{h{$)) « h{$),f{h{$)) ^ h{$)}. Observe that p^^^g. 

A2 = {A2,E,R2). 

-A2 = {me,[hme,[e{H$))]e}. 

- [$]e ^ [hme ^ [e(/i($))],. 

— R2 consists of the following rules: 
h{[$]e) ^ [h{$)]e, 

g{m]e) - [h{$)]e, 

emm - [hme. 

m W3 = W2 and A3 = A2. 

We get the following result by direct inspection of the definition of GTES Wi, i > 1. 
Lemma 6.2 For each i > 1, Wi ^5. 

Lemma 6.3 For each i > 1, we can effectively construct the GTES Wi. 

Proof. By Proposition I5.1U"1 we construct Ai = {Ai,Ti, Ri). By Proposition 14.101 we can effectively 
decide for any a £ Ai whether Ai reaches [p]e starting from a and whether Ai reaches [g]e starting 
from a. Recall that Ai is a reduced GTRS. By the definition of Ai and Proposition 15.61 

{l[tree{ai), . . . ,tree{am)],r[tree{ai), . . . ,tree{arn)]) G 
if and only if 

l[tree{ai), . . ■ ,tree{am)]iA,= r[tree{ai), . . . , tree(a„)]i^^. 
Hence we can decide whether (/[tree(ai), . . . , tree{am)], r[tree{ai) , . . . ,tree{am)]) S *^w- 

□ 



Lemma 6.4 (a) For any i > 1, u € Cs, / E m>0, andui, . . . ,Um € Ts, P'^iy. u[l[ui, . . . ,Um]] 

if and only if there are states oi, . . . , Om, a Ai such that 

• Uj CLj for 1 < j < m. 

• l[ai, . . . ] a, and 

(b) For any i>l,ue Cs, I G Tj:{Xm), m > 0, and ui, . . . ,Um & T^, i > 1, q^w^ ^[^[""ii • • • ^^m]] 
if and only if there are states ai, . . . ,am,a G Ai such that 

• Uj — aj for 1 < j < m. 

• l[ai, . . . ] a, and 

Proof. First we show (a). (^) Let i > 1, I £ T^{Xm), m > 0, and ui,...,Um G be arbitray. 
Assume that p u[l[ui, . . . , Um]]- Then by Proposition EiU u[l[ui, . . . , Um]] ~^*Ri\p]e{Wi) ■ Hence there 
are states ai, . . . ,am,a G Ai such that 

• Uj ~^fi. CLj for 1 < j < m. 
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• l[ai, ...,am\ a, and 

(<;=) Let i > 1, I £ TY;{Xm), m > 0, and ui, . . . , Um G 2e be arbitray. Assume that there are states 
ai, . . . ,am,a G Ai such that 

• Uj aj for 1 < j < m. 

• l[ai, ...,am] -^R^ a, and 

Then u[l[ui, . . . ,Um]] ^|jjp]e{vi/,)- Proposition p^^^ ^tl^iti, • • ■,Um]]- 
The proof of (b) is symmetric to the proof of (a). 

□ 

We now define the GTESs Pi, i > 1, over S. We define the GTES Pi as follows. For each equation 
I ^ r of S with /, r € T's(Xm), m > 0, and for any u £ Cs, ui, . . . , Um € Ts, if p = n[/[ui, . . . , Um]] or 
p = u[r[ui, . . . ,Um]], then we put the equation l[ui, . . . ,Um] ~ r[ui, . . . ,Um] in Pi. 

For each i > 1, we define Pj+i from Pj in the following way. Let Ai be the congruence class 
computing tree automaton associated with the GTES Pj, and the ground terms p,q over the ranked 
alphabet S. Then Ai = {Ai,T,, Ri). 

(1) We put each equation of Pi into Pj+i. 

(2) Applying the algorithm of Proposition I5.11"t for every a G Aj, we compute the ground term 
tree{a) € Ts such that tree{a) — o. 

For each equation I ^ r of S, l,r £ T^{Xm), m > 0, for any states oi, . . . , am, a G Ai, if 
Z[ai, ...,am] -^R^ a or r[ai, ...,am] -'*r^ a, 
Ai reaches [pje starting from a, and 

{l[tree{ai), . . . ,tree{am)],r[tree{ai) , . . . ,tree{am)]) ^p^, 
then we put the equation l[tree{ai), . . . ,tree{am)] ~ r[tree{ai), . . . ,tree{am)] in Pj+i- 

Example 6.5 We continue our running example. 

• Pi = {g(/i($)) 
Ai = (Ai,S,Pi). 

-A, = { [$],, [hi$)]e, [f{h{$))]e, [eif{h{$mg }. 

- [$]e -< m]e ^ [f{h{$))]e ^ [e(/(/i($)))]e. 

— Pi consists of the following rules: 

h{[$]g) ^ [h{$)]g, 
gim]e) - [h{$)]g, 

fmm - [fihme, 

e{[f{hme) - [e{f{hm]e- 

• P2 = {g{h{$)) « h{$),f{h{$)) « h{%)}. Observe that p^*p^q. 

A2 = {A2,^,R2). 

-A2 = {me,[hme,[e{h{$))]e}. 

- [$]e -< [h{$)]e -< Hhme. 

— R2 consists of the following rules: 
h{[$]e) ^ [h{$)]e, 

g{[h{$)]e) - [h{$)]e, 

fmm - [hme, 

e{[h{$)]e) - [e{h{$))]e. 

. P3 = {gihi$)) ^ h{$),fihi$)) ^ h{$),e{hi$)) « h{$) }. 
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^3 = (^3,S,i?3). 

- A3 = {[$],, 

- [$], ^ [hi$)]e. 

- R3 consists of the following rules: 

h{[$]e) ^ [h{$)]e, 
g{[h{$)]e) - [h{$)]e, 

e{[h{$)]g) ^ [h{$)]e. 

• Pi = Pz and = Az- 

We get the following result by direct inspection of the definition of the GTES -Pj, ? > 1. 
Lemma 6.6 For each i > 1, Pi ^ '^s- 

We can show the following result in the same way as Lemma 16.31 
Lemma 6.7 For each i > 1, we can effectively construct the GTES Pi. 
We can show the following result in the same way as Lemma |6.4[ 

Lemma 6.8 For any i > 1, u G Cs, / G m > 0, and ui, . . . ,Um € 7s, p^*p. u[l[ui, . . . ,Um]] 

if and only if there are states oi, . . . , Om, a G Ai such that 

• Uj ~^*fi. CLj for 1 < j < m. 

• l[ai, . . . , Qm] ~^R- o-f^d 

• u[a] ^|jJp]e(P,). 

The definition of the GTESs Qi, i > 1, over S is symmetric to the definition of the GTESs Pi, 
i > 1. That is, we obtain the definition of the GTESs Qi, i > 1, from the definition of the GTESs Pi, 
^ ^ 1; by substituting p for q. 

By Lemma 16.61 we have the following. 

Lemma 6.9 For each i > 1, Qi Q ^s- 
By Lemma 16.71 we have the following. 

Lemma 6.10 For each i > 1, we can effectively construct the GTES Qi. 
By Lemma 16.81 we have the following. 

Lemma 6.11 For any i > 1, u G Cs, / G Tj]{Xm), m > 0, u G Cs, and ui,...,Um G Ts, 
p <->Q^ u[l[ui, . . . , Mm]] if and only if there are states oi, . . . , a^, a G Ai such that 

• Uj CLj for I < j < m, 

• l[ai, . . . , am] CL, and 

Statement 6.12 For each i> I, Wi CI Wi+i, Pi C Pj+i, and Qi C Qi^i. 
Proof. By direct inspection of the definition of the GTESs Wi, Pi, and Qi, i > 1. 

□ 
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Statement 6.13 If Wi = Wj+i for some i > 1, then Wi = Wi+j for j > 0. 
If Pi = Pi+i for some i > 1, then Pi = Pi+j for j > 0. 
If Qi = Qi+i for some i > I, then Qi = Qi+j for j > 0. 

Proof. By direct inspection of the definition of the GTESs Wi, Pi, and Qi, i > 1. 

□ 

We now present our semi-decision procedure. 
Procedure 6.14 

Input: A variable preserving TES 5* over the ranked alphabet S and ground terms p,q (zTj^. 
Output: • 'yes' and the procedure halts if p q, 

• 'no' if the procedure halts and {p, q) <->^ q, 

• undefined if the procedure does not halt. 
i:=l; 

Compute Wi, Pi, and Qi; 

if P^H^i 9' then begin output 'yes'; halt end; 

1: i ■.= i + l; 

Compute Wi, Pi, and Qi; 
if P^lVj 1' then begin output 'yes'; halt end; 
if Wi = Wi-i or Pi = or Qi = Qi_i, then 
begin output 'no'; halt end; 

goto 1 

Example 6.15 As for our running example, Procedure 16 . 141 halts and outputs 'yes' in the second step 
because p "^yy^ q- 

Lemma 6.16 For any I < n < i, ti, . . . , t„ G Ts, if p^s h ^2 ^5 • • • ^5 tn, then 

p ^*p^ ti ^*p^ t2 ^*p^ ■ ■ ■ ^*p^ tn ■ 

Proof. We proceed by induction on i. 

Base Case: i = 1. Then by the definition of Pi, we have p'^p^ ti. 

Induction Step: Let i > 1, and assume that the satement holds for 1,2,. . . ,i. We now show that 
the satement holds for i To this end, assume that 

^ ^ V ^ ' ' ' ^ ^"^""^ some < n < i + 1 . (2) 

By the induction hypothesis, p ^*p, ti ^p. t2 ^p. • • • ^p, tn- 
Hence 

= [tnW^ . (3) 

By Statement 16. 12^ 

* * * * , > 

p ^ ti ^ t2 ^ ■■■ ^ tn. (4) 

Pi + l Pi+1 Pi+1 Pi + 1 

Let Ai = {Ai, S, Ri) be the congruence class computing tree automaton associated with the GTES Pi, 
and the ground terms p,q over the ranked alphabet S. By Proposition 15.21 

P^IpWp ■ (5) 
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Hence by ^ and Proposition 



tn-^[pW^ . (6) 



By ([2]), there is an equation / « r in 5 with l,r £ TY:{Xm), m >0 and there are u G Cs, ui, . . . , Um G 7s 
such that 

in = u[l[ui, . . .,Um]] and tn+i = n[r[ni, . . . , Wm]] (7) 



or 



= u[/[ni, . . . and t„ = ■u[r[tii, . . . . (8) 

First, assume that ([7]) holds. Then by ([6]) and ([7]), /[ui, . . . , Um] ^Jj- a for some state a E ^dj, where 

for each j = 1, . . . , m, — > for some state € . (9) 

Moreover, /[ai, . . . , Om] o, and Ai reaches [p]e starting from a. Hence the equation 

/[iree(ai), . . . , tree(am)] ~ r[tree(ai), . . . , tree{am)\ 
is in <-^p. UPj+i. By Proposition 15.111 for each j = 1, . . . m, tree{aj) Cj. Hence by ^ and Propo- 
sition 15.41 

for each j = 1, . . . , m, <-> tree{aj) . (10) 



By (do]) and Statement [6J2l 

in = ^[/[mi, . . .,Um]] ^p.+i M[^iree('u,i), . . . ,tree{um)]] 
u[r[tree{ui), . . . ,tree{um)]] ^p^+i u[r[ui, . . . = Wi- 

By (Bl), p--*p^^^ h t2 • • • tn --*p^^, tn+l. 

Second, assume that ([8]) holds. This case is similar to the first case. 

By Lemma |6.6| Statement I6.13|, and Lemma 16.161 we have the following result. 
Lemma 6.17 Assume that Pi = Pj+i for some i > 1. Then p^*p. q if and only if p 



□ 



□ 



Lemma 6.18 For any I < n < i, for any ti, . . . ,tn G Te, if q ti ^2 ^5 ■ • • tn, then 

Proof. Symmetric to the proof of Lemma I6.16[ 
By Lemma 16.171 we have the following. 

Lemma 6.19 Assume that Qi = Qi+i for some i >1. Then P'^q. q if CLnd only ifp'^^q- 
Theorem 6.20 For each i>l,PiUQi(^ 

Proof. First we show that Pi Q for i > 1. We proceed by induction on i. 
Base Case: i = 1. Then by the definition of Pi and Wi, we have Pi C Wi. 

Induction Step: Let i > 1, and assume that the satement holds for 1,2, ... ,i. We now show that 
the satement holds for i + 1. 
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Let Ai = (AijTijRi) be the congruence class computing tree automaton associated with the GTES 
Pi, and the ground terms p, q over the ranked alphabet S. Let I' ~ r' be an arbitrary equation in Pj+i. 
Then, by the definition of Pi+i, there is an equation / r of 5 with l,r G T^{Xm), m > 0, and there 
are states ai, . . . , am, a £ Ai such that 

• I' K, r' is of the form 

l[treep^{al), . . . ,treep^{am)] ^ r [tree p^{ai), ... ,treep^{am)] ■ (H) 

• l[ai,...,am] or r[ai,...,am] -^p^ a, 

• {l[tree{ai), . . . ,tree{am)]ir[tree{ai), . . . ,tree{am)\) ^ ^p.- 

First assume that l[ai, . . . , Om] «• Then by Lemma WM, p^*p. u[l[tree{ai), . . . ,tree{am)]]- By 
the induction hypothesis, 

p A u[l[tree{ai), . . . , tree(am)]] • (12) 
Wi 

Let ^vFi = (^VKi) 5], -RvkJ be the congruence class computing tree automaton associated with the GTES 
Wi, and the ground terms p,q over the ranked alphabet S. By (I12p and Lemma 16.41 there are states 
bi, . . . , bm, b £ Ay^. such that 

(a) treepXaj) ^*p^^ bj for l<j<m, 

(b) l[bi,...,bm] -^p^^ b, and 

(c) u[b] -^*R^}p]eiw,)- 

By the definition of W^+i , if the equation 

l[treewiibi), ■ ■ . ,treew,{bm)] ^ r[treewi{bi), ■ ■ ■ ,treewi{bm)] 
is not in then it is in Wj+i. Hence 

(d) the equation 

l[treew,ibi), . . . ,treew,{bm)] ~ r[treew,{bi), ■ ■ ■ ,treew,{bm)] 
is in ^ly^ UWi+i. 

Recall that for the trees treewiibi), . . . ,treewi{bm) we have 

(e) treew,{bj) ^*r,,,^ bj for 1 < j < m. 

By (a) and (e) and Proposition 15.31 treep^{aj) ^^^treewiibj) for 1 < j < /c + m. Hence by (d) and 
Statement 16.121 . the equation (fTTl) is in . Recall that (fTTl) is an arbitrary equation in Pj+i. Hence 

The proof of the inclusion Qi C for i > 1, is symmetric to the proof of the inclusion Pi C 
for i > 1. 

□ 

Lemma 16.161 Lemma 16.181 and Theorem 16.201 imply the following result. 

Lemma 6.21 For any 1 < n < i, ti, . . . ,tn £ Ts, 

ifp^s h ^st2^s--- tn, then p h t2 ^*^,^ ■ ■ ■ tn, 

and 

if q h ^sh^s--- tn, then q ti is ^*w, ■ ■ ■ ^*w, in- 
By Lemma 16.21 Statement 16.131 and Lemma 16.211 we have the following result. 
Lemma 6.22 Assume that Wi = Wj+i for some i > 1. Then p^^. q if and only if p^*g q. 
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Theorem 6.23 Ifp^*Qq, then Procedure 



halts and outputs 'yes'. 



Proof. If p = q, then p^^^ Q- Assume that p^sti ^5*2 ^5 ■ ■ ■ ^^s^n = 1 for some n > 1 and 
ti, . . . , t„ € Ts. By Lemma [6. 2 H q. Let k be the least integer such that such that P^iV^. q- 

First assume that k = 1. Then p^'^^ q. Procedure 16.141 halts and outputs 'yes'- 
Second assume that k > 2. Then by the definition of k, {p,q) ^w- ^'-'^ 2 < i < k — 1. By 
Theorem [6201 (p, q) ^*p^ U ^*q^ for 2 < i < k - 1. By Lemmas EZZl EH] Pi_i C Pi, C 

Qi and C PVj for 2 < i < A;. Hence Procedure 16.141 does not halt in the first k — 1 steps. By the 

definition of the integer k, in the A:th step Procedure 16.141 halts and outputs 'y^s'. 

□ 

Theorem 6.24 // Procedure \ 6.14\ halts and outputs 'yes', then p'^^q. If Procedure \ 6.14\ halts and 
outputs 'no ', then {p, q) ^ . 

Proof. Assume that Procedure 16.141 halts and outputs 'y^s' in the kth step. Thenp^^ q. By Lemma 
E2ip^*sq. 

Assume that Procedure 16.141 halts and outputs 'no' in the kth step. Then 

(a) {p, q) and 

(b) Wk = Wk-i or Pk = Pk-i or Qk = Qk-i- 
We now distinguish three cases. 

Case 1: Wk = Wk-i- By (a) and by Lemma K22\ {p,q) 
Case 2: Pk = Pk~i- By (a) and Lemma EHH {p,q) 
Case 3: Qk = Qk-i- This case is symmetric to Case 2. 

□ 

Note that we can speed up Procedure 16.141 in the following way. For each i > 1, at the end of 
the ith step, we construct the reduced GTRSs Wl, Pi, Q[ over E such that VT/, P/, Q[ are equivalent to 
the GTESs Wi,Pi,Qi, respectively see Proposition 14.31 By Proposition 14.61 the number of equations 
in Wl,Pl,Q[ is less than or equal to the number of equations in Wi,Pi,Qi, respectively. Then we let 
Wi = Wl, Pi = P/, and Qi = Q'i- This change does not afi^ect the partial function computed by the 
procedure. 

7 Elementary semi-decision procedure for the ground word problem 
of TESs 

Let 5 be a TES over S, and let p,q G Tj^. We now define the GTESs Wi, i > 1, over S. We define the 
GTES Wl as follows. For each equation / « r of 5 with / € T^iXk+rn)^ ^ ^ Tj^i^k+e), k,m,£> 0, and 
for any u G Cs, m, . . . , Uk+m G ^s, Wfe+i, • • • , Vk+i G Sq, if 

p = u[l[ui,. . . ,Uk+m]] oi p = u[r[ui,...,Uk,Vk+i,---,Vk+i>]] or q = u[l[ui, . . . ,Uk+m]] oi q = 
u[r[ui, . . . ,Uk,Vk+i, ■ ■ ■,Vk+£]], 

then we put the equation l[ui, . . . , Uk+m] ~ . . . , Uk,Vk+i, ■ ■ ■ , Vk+i] in Wi. 
For each i > 1, we define Wj+i from Wi in the following way. 

• Let Ai = {Ai, S, -Rj) be the congruence class computing tree automaton associated with the GTES 
Wi and the ground terms p,q over the ranked alphabet S. 

• Let NORMq^ be set of the Ai normal forms of the elements of Eq. For each j = 1, . . . ,i, NORMj'^^ 
is the smallest set U for which 
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(i) NORufl^ C and 

(ii) U contains the Ai normal forms of all terms f{zi,... z^), where / G S^, m > 1, zi, . . . , G 

norm!.^^. 

• Applying the algorithm of Proposition lS.lll for every a E Aj, we compute a ground term treei{a) G 
Ts such that treei{a) — a. For each z € TsuAij we define treei{z) by replacing all occurrences of each 
state a & Ai with treei{a). 

• Let = {treei(u')|w G NORUf }. 

(i) We put each equation of Wj into Wj+i. 

(ii) For each equation I k. r oi S with Z G ?i;(-^A:+m)) ^ S k,m,£ > 0, for any states 
ai, . . . , afc+m, a G ^i, and for any Vk+i, ■■■ , Vk+£ G REPi, if 

/[ai, . . . , ak+m] ~^*R. «) 

reaches [p]0(vFi) starting from a or Ai reaches [g]e{VKi) starting from a, and 

(/[tree(ai), . . . ,tree{ak+m)],r[tree{ai), . . . ,tree{ak),Vk+i, . . ■,Vk+i]) ^ 
then we put the equation 

l[tree{ai), tree{ak+m)] ~ r[tree{ai), tree{ak),Vk+i, • • • , Vk+e] 
in Wi+i. 

(iii) For each equation Z « r of 5 with I G Ts(Xfc+m)5 ^ 7s(-'^fc+£)5 k,m,£ > 0, for any states 
ai, . . . , afc+^, o G ^i, and for any Vk+i, • • • , ffc+m ^ REPi, if 

r[ai,... ,afc+£] a, 

Ai reaches [p]0(vyi) starting from a or Ai reaches [g]e(VKi) starting from a, and 

{l[tree{ai), . . . ,tree{ak),Vk+i, ■ ■ . ,Vk+m],r[tree{ai), . . . ,tree{ak+e)]) ^ 
then we put the equation 

l[tree{ai), . . . , tree(afc), ■Ufc+i, • • • , Vk+m] ~ r[tree{ai), . . . , tree{ak+E)] 
in Wi+i. 

We shall illustrate our concepts and results by our running example, which is presented as a series 
of examples. 

Example 7.1 Let S = SqUSi, Sq = { 0, 1 }, and S2 = { / }, and 1 ^ /. Let p = and g = /(0, 1). 
Let t G Ts be a ground term. If the symbol 1 appears an even number of times in t, then we say that 
t is even, Otherwise, we say that t is odd. Let TES S consist of the following equations: 

f« 0, /(0,a;i) « xi, /(a;i,0) « xi. 
By direct inspection of S, we get that for all ground terms s,t £ T^, if ■s^-^s'i, then s and t are both 
even or both odd. GTES Wi consists of the following rules: 

/(O, 0) ^ 0, /(1, 1) « 0, /(0, 1) «i 1, /(1, 0) « L 
We obtain the GTRS Z by directing the equations of Wi. GTRS Z consists of the following equations: 

/(O, 0) ^ 0, /(0, 1) ^ 1, /(0, 0) ^ 0, /(1, 0) ^ L 
Observe that Z = Wi and Z is reduced. By Proposition 14.21 Z is convergent. For each tree t G Ts, 
t — ^-^ if and only if t is an even tree. For each t G T^, t — >^ 1 if and only if t is an odd tree. Hence [0]^| 
is the set of all even trees, and is the set of all odd trees. Since Z = Wi, we have = ^*z- 

Thus Awi = (^1, Ri), where Ai = { [0]e(vi/i)7 [l]0(Wi) }• -^i consists of the rules 

fiMoiWi), MeiWi)) Me{Wi), f{Me{Wi), [l]e(M/i)) ^ [l]e(Wi)) 
/([l]e(VKi)> [0]e(vi/i)) IMeiWi), f{[Me{Wi),[^e{Wi)) ^ [0]e(vi/i)- 
Then ^1 is totally defined. NORM^^^ = NORm[^^ = Ai and REPi = {0, 1 }. 
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Statement 7.2 For each i > 1, Wi is a finite set of ground instances of the equations in S. 
Lemma 7.3 For each i > 1, we can effectively construct the GTES Wi. 

Proof. By Proposition 15.101 we construct Ai = (j4j,S,iij). By Proposition I4.10"| we can effectively 
decide for any a & Ai whether Ai reaches [p]e starting from a and whether Ai reaches [g]e starting 
from a. Recall that Ai is a reduced GTRS. 

Consider the Part (ii) of the definition of the GTES VFj+i- By the definition of Ai, and Proposition 

[5:61 

{l[tree{ai), tree{ak+ni)],r[tree{ai), tree{ak),Vk+i, . . . , Vk+i]) G 
if and only if 

l[tree{ai), . . . ,tree{ak+m)]iA^= r[tree{ai), . . . ,tree{ak),Vk+i, ■ ■ ■ ,Vk+e\iA^■ 
Hence we can decide whether l[tree{ai), . . . , tree{ak), Wfc+i, • • • , Vk+m] ~ r[tree{ai), . . . , tree{ak+£)] G 

The proof for Part (iii) of the definition of the GTES Wj+i is similar to the proof for Part (ii). 

□ 

Statement 7.4 For all i > 1, j = 0, . . . ,i, NORMj^^ is the set of the Ai normal forms of all terms of 
height less than or equal to j. 

Proof. Let i > 1 he arbitrary. We proceed by induction on j = 0, . . . ,i. 

(i) 

Base Case: j = 0. Then by the definition of NORMq , we are done. 

Induction Step: Let j > 1, and assume that the satement holds for 1,2, ... ,j — 1. Let s G be 
such that height{s) = j. Then s = /(si, . . . , Sm), f G ^m, rn > 1, si, . . . , Sm & ^s- By the induction 
hypothesis, the Ai normal forms of si, . . . , Sm are in NORMf\. By the definition of NORuf , the 
Ai normal form of the term /(si, . . . Sm) is in NORuf. 

□ 

Statement 7.5 For all i > 1, if Wi = VFj+i and Ai is totally defined, then Wj+i = CL^d Ai = 

Ai+i. 

Proof. Let i > 1 and assume that Wi = Wj+i and that Ai is totally defined. Then Ai = Ai-^-i- Thus 
= NORMf^ = NORmI!^^\ Hence REPi = REP,+i. Hence by the definition of W^+i and Wi+2, 
we get that Wj+i = Wi+2- 

□ 

By Statement 17.51 we have the following. 

Statement 7.6 For all i > 1, if Wi = Wj+i and Ai is totally defined, then Wi = Wi^k o,nd Ai = AiJ^k 
for k >1. 

Example 7.7 We continue our running example. Recall that Ai is totally defined. It is not hard to 
see that Wi = W2. By Statement EH VFi = for /c > 2. 
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Lemma 7.8 (a) For any i > 1, u G Cs, / G T^{Xm), m > 0, u & Cs, and ui,...,Um € Ts, 
p "ui^iwi, • • • , Um]] if and only if there are states ai, . . . , a^, a € Aj such that 

• Uj — aj for 1 < j < m. 

• l[ai, . . . ] a, and 

(b) For any i>l,ue Cy,, I G Tj]{Xm), m>0, and ui, . . . G Ts, i > 1, Q'^h^^ ^^i^i-ui, • • • ,Um]] 
if and only if there are states oi, . . . , Om, a G Aj such that 

• Uj ~^*fi. cLj for 1 < j < m. 

• l[ai, . . . , am] C'} and 

• u[a] ^|jjg]e{iy,). 

Proof. First we show (a). (=^) Let i > 1, I & T^iXm), m > 0, and ui,...,Um G Ts be arbitray. 
Assume that p • • • , Um]]- Then by Proposition l5.9l u[/[ni, . . . , Um]] ^*r^ [p]0{Wi)- Hence there 

are states ai, . . . ,am,a € Ai such that 

• Uj aj for 1 < j < m. 

• l[ai, ... ,am] a, and 

Let z > 1, / G T2(Xm), m > 0, and ui, . . . , G Ts be arbitray. Assume that there are states 
ai, . . . ,am,a G Ai such that 

• Uj aj for 1 < j < m. 

• /[ai, . . . ,am] o, and 

• u[a] ^|jJp]©(H/,). 

Then . . .,Um]] ^|jjp]e{vi/,)- Proposition [521 P^*w, u[l[ui, . . .,Um]]. 

The proof of (b) is symmetric to the proof of (a). 

□ 

When misunderstanding may arise, we denote A as Aw, = {Aw,,^, Rw,), NORuf as NORm'^^, 
and RE Pi as REP^, respectively. 

We now define the GTESs Pi, i > I, over S. We define the GTES Pi as foUows. 

• For each equation I ^ r of S with / G TY;{Xk+m), r G T^iXk+t), k,m,£ > 0, and for any u G Cs, 

Ui, . . . , UkJ^rn 

p = u[l[ui, . . . , Uk+m]], then we put the equation 

l[ui, . . .,Uk+m] ~ r[ui, . . .,Uk,Vk+i, ■ ■ ■,Vk+e] 
in Pi. 

• For each equation / ?a r of 5 with / G r G TY;{Xk+e)i k,m,i > 0, and for any u G Cs, 
ui, . . . , Uk+e G Ts, I'fc+i, . . . , Vk+m £ NORMq \ \i p = u[r[ui, . . . , Uk+i]], then we put the equation 

l[ui, . . .,Uk,Vk+l, . . .,Vk+m] ~ '^['"1, • • ■,Uk+e] 
in Pi. 

For each i > 1, we define P^+i from Pj in the following way. 

• Let Ai = {Ai, Ti,Ri) be the congruence class computing tree automaton associated with the GTES 
Pi and the ground terms p, q over the ranked alphabet S. 

• Let NORMq^ be set of the Ai normal forms of the elements of Sq. For each j = I, . . . ,i, NORMj^^ 
is the smallest set U for which 

(i) NORMf\ C U, and 

(ii) U contains the Ai normal forms of all terms f{zi, . . . Zm), where / G Tim, ?7i > 1, -Zi, • • • , -^m € 
NORMf\. 
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• Applying the algorithm of Proposition 15 .111 , for every a G ^j, we compute a ground term treei{a) € 
Ts such that treei(a) — o. For each z G Tsuyii, we define treei{z) by replacing all occurrences of each 
state a G Ai with treei{a). 

• Let REPi = {treei{w)\w G NORM^ }. 

(i) We put each equation of Pi into Pi+i. 

(ii) For each equation I r of S with I G Tj]{Xk+m), r G rs(Xfc+£), k,m,£ > 0, for any states 
ai, . . . , afc+m, a e ^i, and for any Vk+i, Vk+i e REPi, if 

/[ai, . . . , ak+m] «, 

>lj reaches \p\q starting from a, and 
(/[iree(ai), . . . , tree(afc+m)], '^[t?^ee(ai), . . . , iree(afc), w^+i, • • • ^p^, 

then we put the equation 

l[tree{ai), tree{ak+m)] « r[tree{ai), . . . , tree(afc), f^+i, • • • , Vk+i] 
in Pj+i. 

(iii) For each equation Z r of 5 with / G 7E(Xfc+„i), r G k,m,£ > 0, for any states 
oi, . . . , aA:+^, a G Ai, and for any t>fc+i, • • • , ffc+m G -R-EPj, if 

r[ai, . . . ,afc+^] a, 

>lj reaches [p]q starting from a, and 
{l[tree{ai), tree{ak),Vk+i, • • • , Vk+m)],r[tree{ai), tree{ak+i)]) ^ ^*p^, 
then we put the equation 

l[tree{ai), . . . , tree(ofc), v^+i, • • • , Vfc+m)] ~ r[tree{ai), tree{ak+e)] 
in Pi+i. 

Example 7.9 We continue our running example. 

Ap-^ = {Ai,'E, Ri), where Ai = { [Oje^, [l]0(p^) }. Ri consists of the rules 
0^ [0]e(A)' 1^ [l]e(Pi), 

/([O]0(P,), [0]e{Pi)) ^ [0]e{Pi), /([0]e{Pi), Weca)) ^ [l]e(p,)' 
/([l]0(Pi)) [0]e(Pi)) ^ [l]e{Pi)> /([l]e(Pi)> [l]e(Pi)) ^ [O]0(Pi)- 
Then >lp^ is totally defined. NORM^'^^ = NORm[^^ = Ai, and REPi = {0, 1 }. 

We get the following result by direct inspection of the definition of GTES Pi, i > 1. 
Statement 7.10 For each i > 1, Pi is a finite set of ground instances of the equations in S. 
We can show the following result in the same way as Lemma 17.31 
Lemma 7.11 For each i>l, we can effectively construct the GTES Pi. 
The proof of the following result is similar to that of Statement 17.41 

Statement 7.12 For all i > 1, j = 1, . . . ,i, NORMj^^ is the set of the Ai normal forms of all terms 
of height less than or equal to j. 

Statement 7.13 For all i > 1, j = 1, . . . ,i, for each v G REPi, there is a ground term t G Ty, such 
that height{t) < i and i^^. v. 

Proof. By Proposition 15.111 and by direct inspection of the definitions. 

□ 
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Statement 7.14 For alii > 1, if Pi = Pj+i and Ai is totally defined, then Pj+i = and Ai = Ai+i- 
Proof. Similar to the proof of Statement 17.51 

□ 

Statement 7.15 For all i >1, if Pi = Pj+i and Ai is totally defined, then Pi = Pi+k o.nd Ai = AiJ^k 
for k>\. 

Proof. Similar to the proof of Statement 17.61 

□ 

Example 7.16 We continue our running example. Recall that NORM^^ = Ai. By direct inspection 
we get that P2 = -Pi- By Statement [HSl = ^*p^ for k>2. 

We can show the following result in the same way as Lemma 17.81 

Lemma 7.17 For any i > 1, I ^ Tj]{Xm), m > 0, u £ Cs, and ui, . . . , Um £ Ts, p m[/[ui, . . . , Um]] 
if and only if there are states ai, . . . , am, a € Ai such that 

• l[ai, . . . ,am] ^R. a, and 

• u[a\ ^|j^[p]e(P,). 

When misunderstanding may arise, we denote A as Ap^ = {Ap^,J:,RpJ, NORM^ as NORM^p\ 
and RE Pi as RE Pp., respectively. 

The definition of the GTESs Qi, i > 1, over S is symmetric to the definition of the GTESs Pi, 
i > 1. That is, we obtain the definition of the GTESs Qi, i > 1, from the definition of the GTESs Pi, 
* > 1, by substituting q for p. 

By Statement I7.1UI we have the following. 

Statement 7.18 For each i > 1, Qi is a finite set of ground instances of the equations in S. 
By Statement 17.111 we have the following. 

Lemma 7.19 For each i > 1, we can effectively construct the GTES Qi. 
By Statement 17. 121 we have the following. 

Statement 7.20 For all i > 1, j = 1, . . . ,i, NORMj^^ is the set of the Ai normal forms of all terms 
of height less than or equal to j. 

By Statement 17.151 we have the following. 

Statement 7.21 For all i > 1, if Qi = Qi+i and Ai is totally defined, then Qi = Qi-\-k CLnd Ai = Ai+k 
for k >1. 

By Statement 17.171 we have the following. 
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Lemma 7.22 For any i > 1, / € Ts(Xm,), m > 0, ?/ G Cs, and ui, . . . , Um € Ts, g u[l[ui, . . . , Um]] 
if and only if there are states oi, . . . , Um, a Ai such that 

• Uj aj for 1 < j < m. 

• l[ai, . . . , am] o.iT'd 

When misunderstanding may arise, we denote A as Aq^ = {Aq^,T., Rq^), NORuf^ as NORM^^], and 
RE Pi as REPq., respectively. 

Statement 7.23 For each i > I, Wi CI Wi+i, Pi C Pj+i, and Qi C Qj+i. 
Proof. By direct inspection of the definition of the GTESs Wi, Pi, and Qi, i > 1. 

□ 

We now present our semi-decision procedure. 
Procedure 7.24 

Input: A TES S over the ranked alphabet S and ground terms p,q G T^. 
Output: • 'yes' and the procedure halts if p q, 

• 'no' if the procedure halts and (p, q) ^ q, 

• undefined if the procedure does not halt. 
i:=l; 

Compute Wi, Pi, and Qi; 

if P^H/i 1^ then begin output 'yes'; halt end; 

1: i:=i + l; 

Compute Wi, Pi, and Qi; 

P^Wi 9' then begin output 'yes'; halt end; 
if {Wi = Wi-^i and Awi^i is totally defined) or (Pi = Pi-i and Ap^_^ is totally defined) or 
{Qi = Qi-i and AQ^_^ is totally defined), then begin output 'no'; halt end; 
goto 1 

Example 7.25 As for our running example, (0, /(0, 1)) ^w^- ^2 = Wi and Awi^i is totally defined. 
Hence Procedure 17.241 halts and outputs 'no' in the second step. 

Lemma 7.26 For any n > 1, ti, . . . , t„ G Ts, ifp'^sh '^st2^s ■ --^stn, 
then there is an integer i > 1 such that p^*p. ti <->p^ t2 ^*p^ • ■ ■ ^*p. tn- 

Proof. We proceed by induction on n. 

Base Case: n = 1. Assume that p^sti- there is an equation I r of S with / G TY.{Xk+m), 
r G 7i;(Xfc+^), k,m,i > 0, and there are u G Cs, such that 

(i) there are ui, . . . , Uk+m, Vk+i, ... , Vk+e G such that 

p = u[l[ui, . . .,Uk+m]] and ti = u[r[ui, . . .,Uk,Vk+i, . . .,Vk+e]] , (13) 

or 

(ii) there are ui, . . . , Uk+i, Vk+i, . . . , ffc+m ^ such that 

p = u[r[ui, . . .,Uk+£]] and ti = u[l[ui, . . . ,Uk,Vk+i, . ■ . ,Vk+m]] ■ (14) 
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First, assume that (i) holds. Let i = max{ height{vk+i), • • • , height{vk+e) }■ Let Ap^ = {Ap^, S, Rp.) 
be the congruence class computing tree automaton associated with the GTES Pi, and the ground term 
p over the ranked alphabet S. 

Let Vk+ii, . . . , Vk+ei denote the Ai normal forms of Vk+i, ■ ■ ■ , Vk+i, respectively. By Statement 17.121 
Vk+il, . . . , Vk+ei are in NORMf'. 

By Proposition 15.21 

P^IpWp. ■ (15) 

Hence by (j23|) and Proposition 15.61 



tn-'[pWp . (16) 

Then by ([TH]) and (fT^ . Z[ni, . . . , Ufc+m] ^i?. o for some state a G Aj, where 

for each j = 1, . . . ,k + m,Uj ^ aj for some state aj € Ai . (17) 

Moreover, l[ai, . . . , a^+m] and Ai reaches [pje starting from a. By the definition of -Pi+i, if the 

equation 

] ^ r[ui, . . . ,Uk,tree{vk+ii), ■ ■ ■ ,tree{vk+ii)] 
is not in ^*p., then it is in Pj+i Hence 

l[ui, . . .,Uk+m\ ~ r[ui, . . . ,Uk,tree{vk+ii), ■ ■ ■ ,tree{vk+el)] is in y UPj+i . (18) 

By Proposition 15.11] for each j = 1, . . . k + m, tree{aj) ~^p- clj. Hence by ()17p and Proposition 15.41 

for each j = 1, . . . , k + m,Uj ^ tree{aj) . (19) 

Pi 

Let Vk+iii • • • , Vk+ei denote the Ai normal forms of Vk+i-, ■ ■ ■ , Vk+e, respectively. By Statement 17. 12^ 
Vk+ii, ■ ■ ■ ,Vk+ei are in NORM-^\ By Proposition [57 



Vk+j y tree{vk+ji) for 1 < j < n . (20) 

By (dHD, (USD, and 

p = u[l[ui,. . .,Uk+m]\ ^p,+i u[l[tree{ui), . . . ,tree{uk+m)]\ ^p,+i 

u[r[tree{ui), . . . ,tree{uk),Vk+i, ■ ■ .,Vk+e]\ u[r[ui, . . .,Uk,Vk+i, ■ ■ .,Vk+e]\ = h. 

Second assume that (ii) holds. This case is similar to the first case. 

Induction Step: Let n > 1, and assume that the satement holds for 1, 2, . . . , n. We now show that 
the satement holds for n + 1. To this end, assume that there are ti, . . . , tn+i G such that 

P^ti^t2^---^tn+l ■ (21) 

S S S S 

By the induction hypothesis, there is an integer j > 1 such that 

* * * * , , 

P^ti^t2^ ■ ■ ■ ^tn . (22) 

p p p. p. 

^3 -^J 
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Hence 

[p]^* = [tn]^, . (23) 

By ()2ip . there is an equation / ~ r of 5 with / € Tx;(Xfc+m), r S Ts(Xjt+^), k,m,£ > 0, and there are 
u € Cs, such that 

(i) there are ui, . . . , Uk+m, Vk+i, ■■■ , Vk+e G such that 

t„ = u[l[ui, . . .,Uk+m]] and t„+i = u[r[ni, . . .,Uk,Vk+i, ■ ■ ■,Vk+i]] ■ (24) 



or 



(ii) there are «i, . . . , Uk+e, ffc+i, • • • , ffc+m G such that 

t„ = u[r[ui, . . . ,Uk+e\] and t„+i = u[Z[ni, . . . ,Uk,Vk+i, ■ ■ ■ ,Vk+m]] ■ (25) 

First, assume that (i) holds. Let i = max{j + l,height{vk+i), ■ ■ ■ ,height{vk+£)}- Let Ap^ = 
(Ap-,T,, Rp-) be the congruence class computing tree automaton associated with the GTES Pi, and 
the ground term p over the ranked alphabet E. Let Vk+ii, ■ ■ ■ ,Vk+ii denote the Ai normal forms of 
Vk+i, ■ ■ ■ ,Vk+i, respectively. By Statement 17. 12^ Vk+ii, ■ ■ ■ ,Vk+ei are in NORM^'^K By Proposition 15.21 



P^ipWp. ■ (26) 

Hence by ()23p and Proposition 15.61 

t.Jb]^,^. (27) 
Then by (f2^ and (f271) . l[ui, . . . , Uk+m] ^/j. « for some state a £ Ai, where 

for each j = 1, . . . , k + m,Uj aj for some state aj € Ai . (28) 

Ri 

Moreover, l[ai, . . . , ak+m] and Ai reaches [pje starting from a. By the definition of Pi+i, if the 

equation 

l[ui, . . . ] ^ r[ui, . . . ,Uk,tree{vk+ii), ■ ■ ■ ,tree{vk+ii)] 

is not in ^p. , then it is in Pj+i. Thus 

l[ui, . . .,Uk+m\ ~ r[ui, . . . ,Uk,tree{vk+il), . . . ,tree{vk+il)] is in y UPj+i . (29) 

By Proposition 15.111 for each j = 1, . . . k + m, tree{aj) —^*p- aj. Hence by (j28|) and Proposition 15.41 

for each j = 1, . . . , k + m,Uj ^ tree{aj) . (30) 

Ri 

Let Vk+i i, . . . , Vk+e i denote the Ai normal forms of Vk+i, ■ ■ ■ , Vk+ei respectively. By Statement 17.121 

(i\ 

Vk+il, . . . , Vk+il are in NORM- . By Proposition 15.41 

Vk+j ^ tree{vk+ji) for 1 < j < n . (31) 



By ([29]), (I30D, and (HI 
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tn = u[l[ui, . . . , Uk+m]] ^*Pi+i u[l[tree{ui), tree(nfc+^)]] ^p^_^^ 
u[r[tree{ui), . . . ,tree{uk),Vk+i, ■ ■ .,Vk+£]] ^*p.^^ u[r[ui, . . .,Uk,Vk+i, ■ ■ .,Vk+e]] = t„+i. 
By m, P-K+i *2 -1,,^, • • • -J,,^, tn Wi- 

Second assume that (ii) holds. This case is similar to the first case. 

□ 

By Lemma 17.101 and Lemma 17.261 we have the following result. 

Lemma 7.27 For each i > 1, if Pi = Pi+k for k > 1, then for each q' E Ts, p^p, q' if and only if 
P^*sQ'- 

By Lemma 17.261 we have the following. 

Lemma 7.28 For any n > 1, ti, . . . , t„ G Ts, ifq'^sh ^sh^s ■ --^stn, 
then there is an integer i > 1 such that q*^*Q. ti ^2 ^q- ' ' ' ^n- 

By Lemma 17.271 we have the following. 

Lemma 7.29 For each i > 1, if Qi = Qi+k for k > 1, then for each p' G Te, q^q^p' if and only if 
q^*sP'- 

Theorem 7.30 For each i>l,PiUQi(^ 

Proof. We show that Pi C . We proceed by induction on i. 

Base Case: i = 1. Then by the definition of Pi and Wi, we have Pi Q Wi. 

Induction Step: Let i > 1, and assume that the satement holds for 1,2, ... ,i. We now show that 
the satement holds for i + 1. By the induction hypothesis, <-^p. C 

Let Ai = {Ai,I],Ri) be the congruence class computing tree automaton associated with the GTES 
Pi, and the ground terms p,q over the ranked alphabet E. Let I' ~ r' be an arbitrary equation in 
Pi+i — Pi- Then, by the definition of Pi+i, we distinguish two cases. 

Case 1: there is an equation I ^ r of S with / € TsiXk+m), f £ TY;{Xk+e), k,m,£ > 0, and states 
ai, . . . , Ok+m-, a G Ai, and ground trees Vk+i, • • • , Vk+e G RE Pi such that 

l[ai, . . . , ak+m] o,, 

Ai reaches \p]@ starting from a, and 
{l[tree{ai), . . . ,tree{ak+m)],r[tree{ai), . . . ,tree{ak),Vk+i, ■ ■ .,Vk+e]) ^*p., 
and the equation /' ~ r' is of the form 

l[tree{ai), tree{ak+m)] ~ r[tree{ai), tree{ak),Vk+i, Vk+e] ■ (32) 

Then by Statement 17.131 for each j = 1, . . . ,m, there is a tk+j € T^, such that height(tk+j) < i and 
tk+j Vk+j ■ Hence by Proposition 15.41 

tk+j'^Vk+j for j = l,...,m . (33) 

By our assumptions and Lemma f7.17t p^*p^u[l[treep.{ai), . . . ,treep.{ak+m)]]- By the induction hy- 
pothesis, 

p^u[l[treep^{ai),...,treep^{ak+m)]] ■ (34) 
Wi 
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Recall that for each i > 1, (^ly., S, ij^yj is the congruence class computing tree automaton associated 
with the GTES Wi, and the ground terms p,q over the ranked alphabet S. By Statement 17.41 for each 
j = 1, . . . ,m, there is v'f^_^_j G REPw^ such that i^+j ^^j^ ^k+j- Hence by Proposition I5.4t 

tk+j ^ t^fc+j for j = 1, . . . , m . (35) 

By the induction hypothesis and (f33l) . 

tk+j ^ Vk+j for j = 1, . . . , m . (36) 
Wi 

Hence by ([35]), 

^k+j^v'k+j j = '^^--- ^rn . (37) 

By (plj) and Lemma rTSl there are states 6i, . . . , bk+m, b £ Ay/^ such that 

(a) treep^{aj) 6j for 1 < j < A: + m. 

(b) /[6i, . . . , hk+m] ^*Rw^ b, and 

(c) u[b]^*ji^}p]e(w,). 

By the definition of Wj+i, if the equation 

/[treeiy,(6i), . . . ,treewAh+m)] ~ r[treew'^(6i), . . . , treevK, (&fc), w^+i, • • -iv'f^+e] 
is not in then it is in Wj+i. Hence 

(d) the equation 

l[treew,{bi), . . . ,treewi{bk+m)] ~ r[treew,{bi), ■ ■ ■ ,treew,{bk),v'k+v ■ ■ • '^fc+^l 
is in ^*yy^UWi+i. 

Recall that for the trees treewiibi), . . . ,treew^{bk+m) S REP]v^ we have 

(e) treewM -^*Rw^ 1 < J < 

By (a) and (e) and Proposition 15.31 treep^{aj) '^'^^treew^bj) for 1 < j < /c + m. Hence by (d), 
([37|) . and Statement 16.121 the equation ([32]) is in Recall that ([32]) is an arbitrary equation in 

P,+i - Pi. Hence P^+i C 

Case there is an equation 

I K, r oi S with / G Tx;(Xfc+m), ?" G TE(Xfc+£), k,m,£ > 0, and states ai, . . . ,ak+i,a € Aj, and 
ground trees Vk+i, ■ ■ ■ , Vk+m € RE Pi such that 

r[ai, . . . ,afc+d ^*Ri 

reaches [pje starting from a, and 
(/[tree(ai), . . . ,tree{ak),Vk+i, ■ ■ . ,Vk+ni)],r[tree{ai), . . . ,tree{ak+e)]) ^p^, 
and the equation /' ~ r' is of the form 

l[tree{ai), . . . , tree{ak),Vk+i, . . . , Wfc+m)] ?a r[tree{ai), tree{ak+e)]- 
This case is similar to Case 1. 

The proof of the inclusion Qi C for i > 1, is symmetric to the proof of the inclusion Pi C 
for i > 1. 

□ 

Lemma 17.261 Lemma 17.28] and Theorem 17. 30( imply the following result. 

Lemma 7.31 For any n > 1, ti, . . . , i„ G Ts, if p'^s h'^s t2 "^s ■ --^stn, 
then there is an integer i > 1 such that p^^^y. ti ^2 ^w- ' ' ' ^w- ^ri- 
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For any n > 1, h, . . . ,tn e T^, if q h t2 ■ ■ ■ 

then there is an integer i > 1 such that q ^^y. ti ^2 ' ' ' ^n- 

By Lemma 17.21 Statement 17. 3H we get the following. 

Lemma 7.32 Let i > 1, and assume that Wi = Wi^k for k > 1. Then q if and only if p*^*g q. 

Example 7.33 As for our running example, recall that Wi = Wk for k > 2. By Lemma 17. 32^ 
(O,/(O,1))0^J. 

By Statement 17.61 and Lemma 17.321 we have the following. 

Lemma 7.34 Assume that Wi = Wi-i and Awi^i is totally defined for some i > 1. Then p'^yy. q if 
and only ifp^*gq- 

By Statement 17.151 and Lemma 17.271 we have the following. 

Lemma 7.35 Assume that Pi = Pi-i and Ap-_-^ is totally defined for some i > 1. Then p*^*p_ q if and 
only ifp^*sq. 

By Lemma 17.351 we have the following. 

Lemma 7.36 Assume that Qi = Qi-i and Aq^_-^ is totally defined for some i > 1. Then P^q. q if 
and only if p^g q. 

Theorem 7.37 Ifp^gq, then Procedure \ 7. 24\ halts and outputs 'yes'. 

Proof. Assume that p'^*gq- By Lemma |7.26| there is a least integer k > 1 such that P^*p^ q- By 
Lemma 17. 28^ there is a least integer £ > 1 such that q P- By Lemma 17. 3H there is a least integer 
j >1 such that such that P'*-^^. q- 

First assume that j = 1. Then p^^r_^ q. Procedure 17.241 halts and outputs 'y^s'. 

Second assume that j > 2. Then by the definition of j, (p, q) for 1 < "i < j — 1. By Theorem 
17.301 (P) q) ^ ^p. U for 1 < z < J — 1. Hence by the definition of the integers k and i, j < k and 
j < i. Thus for i = 1,2, . . . , j , the condition 

Pi = Pi+k for A; > 1, and Qi = Qi+k for A; > 1, 
does not hold. Thus, by Statements 17.151 and 17.211 for i = 2, . . . , j — 1, the condition 

{Pi = Pi-i and Ap^_-^ is totally defined) or [Qi = Qi-i and Aq^_^ is totally defined) 
does not hold. Hence Procedure 17.241 does not halt in the first j — 1 steps. By the definition of the 
integer j, in the jth step Procedure 17.241 halts and outputs 'yes'. 

□ 

Theorem 7.38 // Procedure \ 7. 24\ halts and outputs 'yes', then p^^q- If Procedure \ 7.24\ halts and 
outputs 'no ', then {p, q) 



Proof. Assume that Procedure 17.241 halts and outputs 'yes' in the kth step. Then p'^yy^q- By 
Statement 17.21 p <->^ q. 

Assume that Procedure 17.241 halts and outputs 'no' in the ith step. Then 

(a) {p, q) and 
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(b) {Wi = Wi-i and Awi^i is totally defined) or {Pi = Pi-i and Ap^_^ is totally defined) or 
{Qi = Qi-i and ^Q,_i is totally defined). 
We now distinguish three cases. 

Case 1: Wi = Wi-i and Awi^x is totally defined. Then by Statement EU Wi = Wj+fc for A; > 1. 
Hence by (a), {p,q) ^vv^+fc ^•^'^ > 0. By Lemma Ym\ {p,q) 

Case 2: Pi = Pj_i and Ap^_-i is totally defined. Then by Lemma lV.351 P^p. q if and only if 
By (a) and Theorem [7.301 {p,q) ^p,. Hence (p, g) 

Case 3: Qi = Qi-i and Aq-_-^ is totally defined. This case is symmetrical to Case 2. 

□ 

Note that we can speed up Procedure 17.241 in the following way. For each i > 1, at the end of 
the ith step, we construct the reduced GTRSs W,-, Pi, Q\ over E such that W[, P-, Q'^ are equivalent to 
the GTESs Wi,Pi,Qi, respectively, see Proposition 14. 3[ By Proposition 14.61 the number of equations 
in Wl,Pl,Q[ is less than or equal to the number of equations in Wi,Pi,Qi, respectively. Then we let 
Wi = WI, Pi = PI, and Qi = Q'i- This change does not affect the partial function computed by the 
procedure. 
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